Abstract. We incorporate Hamiltonian perturbations into the transversality scheme for pseudoholomorphic maps introduced by Cieliebak-Mohnke [7] and further developed by , Wendl [41], and Gerstenberger [17] . By choosing generic domain-dependent almost complex structures and gluing together moduli spaces of Floer trajectories with different numbers of markings via forgetful maps we obtain zero and one-dimensional moduli spaces with the structure of cell complexes with rational fundamental classes and the expected boundary. This gives a definition of Hamiltonian Floer cohomology via stabilizing divisors for compact symplectic manifolds with rational symplectic classes or admitting the structure of smooth projective varieties.
Introduction
The Floer cohomology associated to a generic time-dependent Hamiltonian on a compact symplectic manifold is a version of Morse cohomology for the symplectic action functional on the loop space [13] . The cochains in this theory are formal combinations of fixed points of the time-one Hamiltonian flow while the coboundary operator counts Hamiltonian-perturbed pseudoholomorphic cylinders. When welldefined, Floer cohomology is independent of the choice of Hamiltonian and can be used to estimate the number of fixed points as in the conjecture of Arnold.
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In order to obtain well-defined counts one must compactify the moduli spaces of Floer trajectories by allowing pseudoholomorphic spheres, and unfortunately because of the multiple cover problem one knows that these moduli spaces can never be made transverse in certain circumstances. In algebraic geometry there is now an elegant approach to this counting issue carried out in a sequence of papers by Behrend-Manin [6] , Behrend-Fantechi [5] , Kresch [22] , and Behrend [4] , based on an earlier suggestions of Li-Tian [24] .
In symplectic geometry several approaches to solving these transversality issues have been proposed. An approach using Kuranishi structures is developed in FukayaOno [15] and a related approach in Liu-Tian [25] . Technical details been further explained in Fukaya-Oh-Ohta-Ono [14] and McDuff-Wehrheim [28] . A polyfold approach has been developed by Hofer-Wysocki-Zehnder [18] and is being applied to Floer cohomology by Albers-Fish-Wehrheim. See also Pardon [31] for an algebraic approach to constructing virtual fundamental chains. These approaches have in common that the desired perturbed moduli space should exist for abstract reasons.
On the other hand, it is often useful to have perturbations with geometric meaning. An approach to perturbing moduli spaces of pseudoholomorphic curves based on domain-dependent almost complex structures was introduced by Cieliebak-Mohnke [7] for symplectic manifolds with rational symplectic classes and further developed in Ionel-Parker [20] and Gerstenberger [17] . It was extended by Wendl [41] to allow insertions of Deligne-Mumford classes; we also understand the Charest is developing an extension to the case of Lagrangian boundary conditions. Domain-dependent almost complex structures can be made suitably generic only if one does not require invariance under automorphisms of the domain. Thus in order to obtain a perturbed moduli space, one must kill the automorphisms. This can be accomplished by choosing a stabilizing divisor: a codimension two almost complex submanifold meeting any pseudoholomorphic curve in a sufficient number of points. Approximately almost complex submanifolds of codimension two exist by a result of Donaldson [9] ; the original almost complex structure can be perturbed so that the Donaldson submanifolds are exactly almost complex [7] . If the symplectic manifold admits a compatible complex structure which makes it a smooth projective variety, then Donaldson's results are not necessary since the existence of suitable divisors follows from results of Bertini and Clemens [8] . The original goal of the project was to construct a transversality framework using stabilizing divisors which gives a definition of Floer cohomology for smooth projective varieties; in this case, neither the rationality assumption on the symplectic class nor Donaldson's results are needed.
Once Hamiltonian perturbations are introduced a new phenomenon occurs: a perturbed pseudoholomorphic map meeting the divisor at an isolated point need not have positive intersection multiplicity with the stabilizing divisor. As a result, a positive intersection point can combine with a negative intersection point to an intersection point with vanishing intersection multiplicity, and the latter can "disappear" under perturbation. For this reason, the moduli spaces of Floer trajectories with markings mapping to the stabilizing divisor do not have the expected boundary.
However, we will show that by gluing together moduli spaces of Floer trajectories with different number of markings mapping to the stabilizing divisor, one obtains a moduli space of Floer trajectories with the expected boundary and a well-defined notion of Floer cohomology. In order to perform the gluing one must add a new item to the coherence conditions in Cieliebak-Mohnke [7] : the domain-dependent almost complex structure is dependent only on the intersections of the trajectory with the stabilizing divisor that have positive intersection multiplicity. Once the Hamiltonian perturbation is introduced one has no control over the intersections with the stabilizing divisor at all, and in particular there may be no intersections. However, to achieve transversality for Floer trajectories, stabilization of the cylindrical components in the domain is not needed since time-dependent almost complex structures already make the moduli space transverse, as proved in Floer-Hofer-Salamon [12] . So the problem is making the sphere bubbles transverse, and this has already been solved by Cieliebak-Mohnke [7] , see also Ionel-Parker [20] . The strata corresponding to birth/death of pairs of intersection points with the divisor can be thought of as "fake boundary strata" of the moduli space, that is, strata of codimension one which are not part of the "expected boundary". Similar fake boundary strata occur in many other moduli spaces in symplectic topology; for example, in the relation between Floer cohomology and Morse cohomology in Piunikhin-Salamon-Schwarz [32] , where a fake boundary component appears when the length of a Morse trajectory shrinks to zero.
In this way one obtains what seems to be a concise construction of perturbed moduli spaces of Floer trajectories which is similar in many ways to the construction of the moduli space of stable maps in algebraic geometry in Fulton-Pandharipande [16] . The moduli space of perturbed trajectories has the structure of a cell complex (similar to structure of branched manifold considered by Salamon [35, Chapter 5] and McDuff [29] ) with a rational fundamental class in relative homology whose boundary is the expected one corresponding to breaking of Floer trajectories. The approach requires no strong gluing theorems and only the usual Sard-Smale and implicit function theorems for Banach manifolds. The other transversality approaches produce similar multi-valued perturbations. The advantages of the stabilizing divisors approach are: the multi-valued nature of the perturbation is geometrically explained by the fact that the additional marked points must be ordered; the branching is geometrically explained by birth/death of pairs of intersection points; and the notion of orbifold can be completely avoided. 1 We prove the following theorem, analogs of which have already appeared in several of the other transversality approaches mentioned above. Throughout the note X denotes a compact connected symplectic 1 The classical definition of orbifold is somewhat inelegant and there are problems with compositions of morphisms etc. The notion of stack fixes many of these problems, by making orbifolds into categories with additional structure, see for example Lerman [23] . In symplectic topology the natural category to work with would be smooth families of pseudoholomorphic maps, but it is still not known whether smooth universal families of stable pseudoholomorphic maps exist. In other words, it is still not known what functor the moduli space of pseudoholomorphic maps is trying to represent. This is an inherent source of awkwardness in the different approaches to foundations of symplectic topology.
manifold with symplectic form ω with a given compatible almost complex structure. We assume that either [ω] ∈ H 2 (X, Q) is rational, in which case approximately holomorphic codimension two submanifold exists by Donaldson [9] , or X is a smooth projective variety in which case holomorphic codimension two submanifolds exist by Bertini's theorem. Theorem 1.1. Let H ∈ C ∞ (S 1 × X) be a smooth time-dependent periodic Hamiltonian on X with non-degenerate time-one periodic orbits. Let CF (H) denote the group of Floer cochains with rational Novikov coefficients, and ∂ : CF (H) → CF (H) the coboundary operator defined by a rationally-weighted count of Floer trajectories in the zero-dimensional component of moduli space for a coherent family of domaindependent almost complex structures close to the given one. Then for a comeager subset of the space of such coherent families the Floer coboundary operator ∂ is well-defined and satisfies ∂ 2 = 0.
We do not prove here any results about independence of Floer cohomology from the choice of almost complex structures or its relation with singular cohomology; we conjecture that the transversality for the moduli spaces needed for these arguments follows by the same techniques.
We sketch the idea in the proof that the Floer operator has vanishing square. The standard idea of proof rests on the idea that that broken Floer trajectories are the ends of a compact one-dimensional manifold with boundary. One takes a broken Floer trajectory and using the gluing construction constructs a one-dimensional family of Floer trajectories. Moving away from the original broken trajectory one expects, by compactness, to reach an end of the moduli space corresponding to another broken trajectory. In our setting, each element of these Floer trajectories has a finite number of intersection points with the stabilizing divisor and the intersection points with positive multiplicity must be markings. A branching phenomenon appears when the number of intersection points of the trajectory with the stabilizing divisor changes. Because of the branching, the moduli space is only a cell complex with a rational fundamental class. However, this is still enough to prove the vanishing of the square of the Floer operator with rational coefficients.
We give a possible picture of the one-dimensional component of the moduli space of perturbed Floer trajectories as in Figure 1 . Essentially the same picture appears in other treatments of the Floer operators, see for example the picture in Salamon [35, Chapter 5] . The difference here is that we are able to assign geometric meaning to cells in the decomposition. The zero-cells meeting a unique one-cell are true boundary strata corresponding to breaking of Floer trajectories, while the zerocells meeting several one-cells are boundary strata corresponding to birth/death of intersection points with the divisor. The strata of top-dimension each have a possibly different number of intersection points with the stabilizing divisor. The rational fundamental class assigns to each one-cell a rational number (the weightings of the branches in the language of McDuff [29] and Salamon [35, Chapter 5] ) in such a way that the weighted sum of one-cells defines a chain whose boundary is a weighted represents birth/death of intersection points represents breaking of Floer trajectories Figure 1 . A possible picture of the one-dimensional component of the moduli space of Floer trajectories sum of points corresponding to true boundary strata as expected. The weighting is just the inverse of the factorial of the number of positive intersection points with the stabilizing divisor, so a three-to-one branching occurs when one of three positive intersection points disappears etc.
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Stable cylinders
The goal of this note is to define the coboundary operator in Floer cohomology by counting isomorphism classes of Floer trajectories using domain-dependent almost complex structures. In order to see that this count is finite and has the expected properties, one constructs a compactification which allows the formation of bubbles. The domains of these maps are nodal curves of genus zero in the sense of complex geometry, equipped with cylindrical coordinates on a subset of the components. There are morphisms between moduli spaces of these curves of different combinatorial type, first studied by Knudsen [21] and Behrend-Manin [6] , which will play a key role in the construction of the perturbations.
We recall the definition of the moduli space of stable curves. By a nodal curve C we mean a compact complex curve with only nodal singularities. A smooth point of C is a non-nodal point. For an integer n ≥ 0, an n-marking of a nodal curve C is a collection z ∈ C n of distinct, smooth points. A special point is a marking or node. An isomorphism of marked curves (C 0 , z 0 ) to (C 1 , z 1 ) is an isomorphism C 0 → C 1 mapping z 0 to z 1 . We denote by Aut(C) = Aut(C, z) the group of automorphisms of (C, z). The combinatorial type of a nodal marked curve C is the graph Γ whose vertices Vert(Γ) correspond to components of C and edges Edge(Γ) consisting of finite edges Edge <∞ (Γ) corresponding to nodes w(e) ∈ C, e ∈ Edge <∞ (Γ) and semiinfinite edges Edge ∞ (Γ) corresponding to markings; the set of semi-infinite edges is equipped with an ordering of the semi-infinite edges, which we usually take to be a bijective labelling Edge ∞ (Γ) → {1, . . . , n} so that the corresponding markings are z 1 , . . . , z n ∈ C. A connected curve C is genus zero iff the graph Γ is a tree and each component of C has genus zero, that is, is isomorphic to the projective line. We also wish to allow disconnected curves Γ whose components are genus zero, in which case the combinatorial type Γ is a forest (disjoint union of trees.) A genus zero marked curve (C, z) is stable if the group Aut(C) is trivial, or equivalently, any irreducible component of C has at least three special points.
Moduli spaces of stable genus zero marked curves were introduced by Grothendieck and Knudsen, see for example [21] . Let C n denote the moduli space of isomorphism classes of connected stable n-marked genus zero curves. For a combinatorial type Γ let C Γ the space of isomorphism classes of stable marked curves of type Γ. If Γ is connected with n semi-infinite edges we denote by C Γ the closure of C Γ in C n . If Γ is disconnected then C Γ is the product of the moduli spaces for the component trees. Over C n there is a universal stable marked curve whose fiber over an isomorphism class of stable marked curve [C, z] is isomorphic to C. The universal stable curve is isomorphic to the moduli space C n+1 of connected n + 1-marked stable curves; the difference between the two moduli spaces is that with the universal curve one allows the extra point to lie on a node while in C n+1 one replaces such a configuration with a configuration with an extra bubble at the node.
The moduli space of connected stable curves C n has a smooth structure determined by deformation theory of stable curves, and a stratification given by combinatorial type into smooth submanifolds. Recall that a deformation of a nodal curve C is a germ of a family C S → S of nodal curves over a pointed space (S, s) together with an isomorphism C → C s . Any stable curve has a universal deformation C S → S, unique up to isomorphism, with the property that any other deformation is obtained via pullback by a unique map to S. The space of infinitesimal deformations Def(C) is the tangent space of s at S. Similarly the tangential deformation space of a nodal marked curve C of type Γ is the space Def Γ (C) of infinitesimal deformations of the complex structure fixing the combinatorial type. The deformation spaces sit in exact sequence
is the normal deformation space, see for example Arbarello-Cornalba-Griffiths [1, Chapter 11] , also known as the space of gluing parameters in symplectic geometry.
In order to make sense of Floer's equation on nodal curves, the nodal curves must be equipped with additional structure we call a cylinder structure. Let C be a connected n + 2-marked nodal curve with markings z of genus zero. We write z = (z − , z 1 , . . . , z n , z + ) and call z − resp. z + the incoming resp. outgoing marking. Let C 1 , . . . , C m denote the chain of projective lines connecting z − , z + ; these are the cylinder components of C while the remaining components are the sphere components. Let w i denote the intermediate node connecting C i to C i+1 for i = 1, . . . , m−1. Let w 0 = z − and w m = z + . Let S 1 = R/Z denote the circle. A cylinder structure on C consists of a collection φ = (φ 1 , . . . , φ m ) of cylindrical coordinates on the complement of the intermediate nodes and initial and final marking in the cylinder components:
satisfying the condition that if j is the standard complex structure on S 1 ×R and j i is the complex structure on C i then φ * i j = j i . By a connected marked nodal cylinder we mean a connected nodal curve C equipped with a cylinder structure φ and markings z. An isomorphism between marked nodal cylinders (C 0 , φ 0 , z 0 ) to (C 1 , φ 1 , z 1 ) is an isomorphism ψ : C 0 → C 1 so that φ 1 • ψ is equal to φ 0 up to translations in the R-directions and ψ(z 0 ) = z 1 . We denote by Aut(C) = Aut(C, φ, z) the group of automorphisms of C. For example, if C is a single cylinder without markings then Aut(C) = R. By a connected stable marked cylinder we mean a connected marked nodal cylinder without automorphisms; this means that the underlying nodal curve must also be stable in the usual sense. A picture of a connected stable marked cylinder (with the points connecting cylinder components and the incoming and outgoing markings replaced by circles) is given in Figure 2 .
We also wish to allow disconnected curves. In this case, Γ is a forest with a decomposition Γ = Γ c ⊔Γ s into a cylindrical forest and a spherical forest. A (possibly disconnected) nodal cylinder of type Γ is a collection of connected nodal cylinders resp. spheres C i for each connected component Γ i in Γ c resp. Γ s . We denote by M n the moduli space of isomorphism classes of connected stable cylinders with n markings in addition to the incoming and outgoing markings. For Γ a connected type we denote by M Γ ⊂ M n the moduli space of stable cylinders of combinatorial type Γ and M Γ its closure. For Γ disconnected, M Γ is the product of moduli spaces for the components of Γ, where if Γ i is a spherical component then M Γ i denotes the moduli space of stable curves of type Γ i . Let U n resp. U Γ denote the universal stable n-marked cylinder resp. cylinder of type Γ consisting of a stable cylinder and a point on the cylinder, not necessarily smooth or distinct from the markings. The space U Γ comes with a canonical map to M Γ given by forgetting the extra marked point. The moduli space of stable marked cylinders admits a natural forgetful map to the moduli space of stable curves forgetting the cylinder structure. The fiber over a stratum C n+2,Γ given by a product (S 1 ) m where m is the number of cylinder components corresponding to the type Γ.
The moduli space of stable marked cylinders M n and the universal stable marked cylinder U n have structures of smooth manifolds with corners. The deformation spaces are essentially the same as that for the moduli space of stable curves, but with additional factors determined by the cylindrical coordinates. Rather than worry about what a deformation of a curve with cylinder structure is conceptually, we take the following as definitions. The tangential deformation space of a stable cylinder (C, φ, z) of type Γ is the sum
of the tangential space of the underlying curve Def Γ (C, z) plus a sum of factors of R, one for each of the m cylinder bubbles. The extra factors correspond to infinitesimal rotations of the cylindrical coordinates. On the other hand the normal deformation space at a stable cylinder C (the space of gluing parameters) is smaller than the corresponding space for the underlying marked curve:
where Edge s (Γ) is the set of edges corresponding to nodes connecting sphere components to sphere or cylinder components and T w(e) ± C are the tangent spaces on either side of the corresponding nodes w(e) ∈ C. From now on, we denote Def Γ (C) := Def Γ (C, φ, z) and G Γ (C) := G Γ (C, φ, z) to save space. Given a family of stable cylinders of type Γ, the gluing construction, see for example [1, Chapter 11] , produces a family of stable cylinders of varying type by removing small disks around the nodes and gluing the components together using maps z → δ i /z where δ i is the parameter corresponding to the i-th node. For nodes connecting cylinder bubbles, these gluing parameters are required to be real non-negative so that the cylinder structures glue together to a cylinder structure on the glued curve. The universal deformation space Def(C) := Def(C, φ, z) fits into an exact sequence with the tangential and normal deformation spaces. The tangent space to an isomorphic class [C] in M n is isomorphic to Def(C), the tangent space to the stratum is Def Γ (C) and the normal space is G Γ (C).
One can obtain M n from the moduli space of curves C n+2 by the following real blow-up procedure. Let T ∨ z − C n+2 be the cotangent line at the incoming marking, and T ∨ z − ,1 C n+2 its unit circle bundle, that is, the bundle of real oriented lines; the latter description does not require the introduction of a metric. The bundle T ∨ z − ,1 C n+2 inherits a stratification from C n+2 , and there is a coarser stratification C n+2 = m C n+2,m where C n+2,m is stratum with m nodes connecting cylinder components. The normal bundle to each of these strata has fiber given by the direct sum of tensor products of cotangent lines
C. The real blow up along these strata replaces each stratum with product of circle bundles corresponding to the factors in the normal bundle. Given a point in the blow-up of type Γ, one can combine the unit vector in the cotangent line at the incoming marking with the unit vectors at the nodes to obtain a unit vector in each of the cotangent lines T w + i C, which is equivalent to a cylinder structure: A cylinder structure on a sphere with two special points is equivalent to an angular coordinate on the complement of the special points, and such coordinates are in bijection with unit tangent or cotangent vectors at either special point. This construction can also taken to be a definition of M n .
The universal cylinder U n is the pull-back of the universal curve under the map M n → C n+2 forgetting the cylinder structure and so is a smooth manifold with corners. Later we will use local trivializations U n of the universal cylinder on each stratum M Γ giving rise to families of complex structures on a fixed nodal marked curve C. For a combinatorial type Γ and a curve C of type Γ let
be a collection of local trivializations of the universal cylinder identifying each nearby fiber with C, in a way that the markings are constant. Let J (C) denote the space of complex structures on the smooth curve underlying C, that is, the space of complex structures on its normalization obtained by blowing up each node (so each node gets replaced with a pair of points). The complex structures on the fibers induce a map
giving a family of complex structures on C. Since the universal curve is locally holomorphically trivial in a neighborhood of the nodes and markings [1, Chapter 11], we may assume that j(m) is independent of m in a neighborhood of the nodes and markings of C.
A key aspect of the moduli spaces of stable curves, and also stable cylinders, is the existence of maps between moduli spaces of different combinatorial types introduced in Knudsen [21] and Behrend-Manin [6] in the case of stable curves. These play a key role in the construction of coherent families of perturbations later. In BehrendManin [6] , these morphisms were associated to morphisms of graphs called extended isogenies, because they preserved a labelling of vertices corresponding to geni of the components. In the present case we are working in genus zero, so it makes little sense to call them isogenies and we call them instead Behrend-Manin morphisms. Vert(Γ) → Vert(Γ ′ ) is a bijection except for a single vertex v ′ ∈ Vert(Γ ′ ) which has two pre-images connected by an edge in Edge(Γ), and
(b) (Cutting edges) Υ cuts an edge e ∈ Edge(Γ) if the map on vertices is a bijection, but
where e ± are semiinfinite edges attached to the vertices contained in e. Since our curves are genus zero, Γ ′ is disconnected with pieces Γ − , Γ + . If the edge corresponds to a node connecting cylinder components, then Γ − , Γ + are types of stable cylinders, while if the edge corresponds to a node connecting to a sphere component then one, say Γ − is the type of a stable cylinder while Γ + is the type of a stable sphere. In the case when the components are cylindrical then the ordering of the semi-infinite edges is required to be such that e + is the last semi-infinite edge of Γ − and e − is the first semi-infinite edge of Γ + . There is an embedding M Γ ′ → M Γ with normal bundle having fiber at [C] isomorphic to the space Most of these maps were already considered by Knudsen [21] and might also be called Knudsen maps. Each of the maps involved in the operations (Collapsing edges), (Forgetting tails), (Cutting edges) extends to a smooth map of universal cylinders. In particular if Γ ′ is obtained from Γ by cutting all edges then U Γ is obtained from the universal cylinder U Γ ′ by identifying pairs of nodal points. In the case that Γ is disconnected, say the disjoint union of Γ 1 and Γ 2 , then M Γ ∼ = M Γ 1 × M Γ 2 and the universal cylinder U Γ is the disjoint union of the pullbacks of the universal cylinders U Γ 1 and U Γ 2 .
Stable Floer trajectories
The coboundary operator in Floer cohomology is defined by counting Floer trajectories, which are maps from cylinders to a symplectic manifold satisfying a Hamiltonianperturbed Cauchy-Riemann equation. First we describe the space of Floer cochains, which is freely generated by fixed points of the time-one flow. Namely we let t denote the coordinate on S 1 = R/Z. Let H ∈ C ∞ (S 1 × X) be a periodic time-dependent Hamiltonian. The Hamiltonian vector field associated to H is the time-dependent vector field H ∈ Map(S 1 , Vect(X)) defined by
Let I(H) denote the space of periodic orbits of H
For t ≥ 0 let φ t : X → X denote the time t flow of H,
The set I(H) is canonically in bijection with the set of fixed points I(H) ∼ = Fix(φ 1 ) = {x ∈ X, φ 1 (x) = x} and with the intersection I(H) ∼ = ∆ ∩ (φ 1 × Id)∆ where ∆ ⊂ X × X is the diagonal. Hamiltonian flows are naturally graded symplectomorphisms in the sense of Seidel [37] . Suppose that X is equipped with an N -fold Maslov cover for some positive integer N ; then each x ∈ I(H) has a degree denoted |x| ∈ Z N . We recall from [37, Lemma 2.6] that (X, ω) admits an N -fold Maslov covering iff N divides twice the minimal Chern number. We denote by I(H) k the subset of degree k so that
Let Λ denote the universal Novikov field
Let CF (H) denote the free module generated by I(H) over Λ,
Next we describe the notion of Hamiltonian-perturbed pseudoholomorphic maps. This requires the introduction of the following notations. An almost complex structure J : T X → T X is ω-tamed if ω(·, J·) is positive, and ω-compatible if ω(·, J·) is a Riemannian metric. Denote by J (X) the space of ω-tamed almost complex structures. Let C be a smooth surface. Denote by J (C) the space of complex structures j : C → C. Given a complex vector bundle E → C let Ω 1 (C, E) denote the space of one-forms with values in E, that is, sections of T ∨ C ⊗ R E. Given a one-form α ∈ Ω 1 (C, E) and a complex structure j ∈ J (C), we denote by α 0,1 ∈ Ω 0,1 (C, E) its 0, 1-part with respect to the decomposition
) be a one-form with values in smooth functions, that is, a smooth map T C × X → R linear on each fiber of T C. We denote by P ∈ Ω 1 (C, Vect(X)) the corresponding one form with values in Hamiltonian vector fields. Given a map u : C → X, define ∂ J,P u := (du − P ) 0,1 . The map u is (J,P)-holomorphic if ∂ J,P u = 0. Suppose that C is equipped with a compatible metric and X is equipped with a tamed almost complex structure and perturbation P . The P -energy of a map u : C → X is
where the integral is taken with respect to the measure determined by the metric on C and the integrand is defined as in [30, Lemma 2.2.1]. If ∂ J,P u = 0, then the P -energy differs from the symplectic area A(u) := C u * ω by a term involving the curvature of the Hamiltonian perturbation R P (u) = u * dP + {P, P }, where {P, The notion of Floer trajectory is obtained from the notion of perturbed pseudoholomorphic map by specializing to the case of a cylinder
Given H ∈ C ∞ (S 1 × X) let P denote the perturbation one-form P = Hdt and let
Floer trajectory is a finite energy (J, H)-holomorphic map u : C → X together with a marking z ∈ C n of distinct points. An isomorphism of Floer trajectories
We denote by M n (H) the moduli space of isomorphism classes of n-marked Floer trajectories.
To obtain a compactification of the space of Floer trajectories we allow sphere bubbling. Let (C, φ, z) be a nodal marked cylinder and C 1 , . . . , C m the components connecting the incoming and outgoing markings; let the remaining components be C m+1 , . . . , C l ⊂ C. The components C 1 , . . . , C m are cylinder components while the remaining components C m+1 , . . . , C l are sphere components. We denote byC the topological space obtained by replacing the nodes connecting cylinder components with circles. A nodal Floer trajectory consists of a nodal cylinder C together with a map u :C → X that is A Floer trajectory is regular if the associated linearized operator is surjective. We will not spell out the linearized operator here; it can be obtained from the linearized operator for pseudoholomorphic maps by adding suitable zeroth order terms arising from the perturbation, see Floer-Hofer-Salamon [12, Section 5] . Abusing notation, we write u : C → X even though u is not defined at the nodes of C connecting cylinder components or at the incoming/outgoing markings. An isomorphism of marked nodal Floer trajectories is an isomorphism of marked nodal curves with cylinder structures intertwining the markings and the maps to X. A marked nodal Floer trajectory is stable if it has no non-trivial automorphisms. A component C i of C is a ghost component if the restriction of u to C i has zero energy: Either C i is a sphere bubble on which u(z) = x for some x ∈ X or C i is a cylinder component on which u(s, t) = x(t) for some x ∈ I(H) and all s ∈ R, t ∈ S 1 . A nodal marked Floer trajectory is stable iff any ghost component has at least three special points. Let M n (H) denote the moduli space of isomorphism classes of stable n-marked Floer trajectories. M n (H) may be equipped with a topology similar to that of pseudoholomorphic maps, see for example McDuff-Salamon [30, Section 5.6] . Namely one shows that Gromov-Floer convergence defines a topology in which convergence is Gromov-Floer convergence, by proving the existence of suitable local distance functions. Given x ± ∈ I(H), denote by
the moduli space with fixed limits x ± along the cylindrical ends.
Stabilizing divisors
By achieving transversality we mean that we would like to choose an almost complex structure so that the strata of the moduli space of stable Floer trajectories are smooth of expected dimension, by which we mean the index of the corresponding linearized operator. Unfortunately, one knows that this is not possible because of the multiple cover problem: if the stable Floer trajectory contains a sphere bubble with negative Chern number, then by taking multiple covers one can obtain a configuration with arbitrarily negative expected dimension, which is a contradiction since the dimension of the stratum is always positive. Instead we allow the almost complex structures to depend on the domain. In order to achieve stable domains we introduce stabilizing divisors. Let J (X, D) the space of tamed almost complex structures adapted to D and J stab (X, D) the space of tamed almost complex structures J for which D is a stabilizing divisor.
In the definition of stabilizing divisor there is no condition on the number of intersection points of Floer trajectories with the stabilizing divisor. In fact, we do not need to stabilize the domain of a Floer trajectory, because transversality for Floer trajectories can be obtained by choosing time-dependent almost complex structures by a result of Floer-Hofer-Salamon [12] . The condition on regularity of maps with prescribed order of tangency means that the stratum with the given order of vanishing is a manifold of expected dimension. In particular, vanishing of the first derivative is a codimension two condition and so the regularity assumption above will be used to conclude that these strata do not exist in the boundary of the one-dimensional moduli spaces.
Stabilizing divisors are constructed in [7] using results of Donaldson [9] , see also Auroux-Gayet-Mohsen [3] which provide an analog of Bertini's theorem for symplectic manifolds. Namely [9] proves the existence of approximately almost complex submanifolds of codimension two for symplectic manifolds with rational symplectic classes. Many of the examples we have in mind are actually smooth projective varieties, in which case Donaldson's results are not necessary. Indeed, divisors in projective varieties always exist by Bertini's theorem, and a result of Clemens [8] says that they contain no rational curves if sufficiently high degree; the computation in Cieliebak-Mohnke [7, Proposition 8.13] implies that divisors of sufficiently high degree are stabilizing for generic almost complex structures. For the moment, we assume the existence of stabilizing divisors and discuss now the moduli spaces of stable Floer trajectories we wish to count in order to define Hamiltonian Floer cohomology.
Our moduli space will consist of Floer trajectories with additional markings recording where the trajectory meets the divisor positively. 
is a group homomorphism, necessarily of the form n → d(u, z)n for some integer d(u, z) called the normal topological degree of u at z. The intersection point z is positive if the integer d(u, z) is positive. If z is a nodal point, then the normal topological degree is still defined if u is constant on one side of the node but z is an isolated point in u −1 (D) on the other side of the node. In this case, we define d(u, z) to be the normal topological degree on the side of the node on which the map is non-constant.
Remark 4.3. The absolute value of the normal topological degree of the map is bounded by half the dimension of the local ring by the Eisenbud-Levine inequality [11] ; for pseudoholomorphic maps the topological degree is equal to the order of vanishing. Thus u : C → X consists of components on which u is non-constant which meet D in finitely many points and components on which u is constant. Let M n (H, D) be the set of isomorphism classes of D-adapted n-marked stable Floer trajectories to X. It admits a topology defined by Gromov-Floer convergence, whose definition is similar to that for pseudoholomorphic curves in McDuff-Salamon [30, Section 5.6] . Despite the notation, it is compact only for generic choices of almost complex structure, see Theorem 5.12 below. It admits a decomposition into moduli spaces of fixed combinatorial type that we now describe.
(a) (Contact edge) Let u : C → X be an adapted stable Floer trajectory and Γ the combinatorial type of C. An edge e ∈ Edge(Γ) is contact type if e corresponds to a node or marking w(e) such that u(w(e)) ∈ D. We denote by Edge c (Γ) the set of contact edges. (b) (Normal derivative) Suppose z ∈ u −1 (D) is a smooth point of C. We write D l ν u(z) = 0 iff u is tangent to D at z to order at least l. (c) (Contact data) Given a contact edge e ∈ Edge c (Γ) corresponding to a marking w(e) ∈ C the contact data of u at w(e) is the pair (d(e), o(e)) ∈ Z × Z consisting of the normal topological degree d(e) = d(u, w(e)) of u at w(e) and the order o(e) = min l {l|0 = D l ν u(w(e))} of the first non-vanishing normal derivative. If w(e) ∈ C is a node then the contact data is the pair (d(e), o(e)) for each component adjacent to w(e) on which u is non-constant. (d) (Tangency edges) A contact edge e ∈ Edge c (Γ) corresponding to a marking w(e) is a tangency edge if the real rank of D ν u(w(e)) is equal to one. If w(e) is a node then e is a tangency edge if D ν u(w(e)) is real rank one on some side of the node. We denote the subset of tangency edges Edge t (Γ). (e) (Non-generic tangency edge) A tangency edge e ∈ Edge t (Γ) corresponding to a marking w(e) is a non-generic tangency edge if the real rank of D ν u(w(e)) is equal to one and for v ∈ ker D ν u(w(e)), the second normal derivative D 2 v u(w(e)) of u at w(e) in the direction of v vanishes. If w(e) is a node then e is a tangency edge if the restriction of u to a component on either side of the node has a non-generic tangency in the sense above. We denote the subset of non-generic tangency edges Edge b (Γ). A tangency edge that is not a non-generic tangency edge is a generic tangency edge. Remark 4.6.
(a) (No tangency edges for pseudoholomorphic maps) If the map u : C → X is pseudoholomorphic in a neighborhood of w(e) then e is not a tangency edge, since the derivative is complex linear and so is either real rank 0 or 2. (b) (Local model for generic tangencies) The following is a local model for a map near a node or marking corresponding to a generic tangency edge, according to singularity theory for maps of the plane to itself, see for example Rieger [33, Table 1 Table 1 ].
We introduce the following notation for homotopy classes of 
Domain-dependent almost complex structures
We now introduce domain-dependent almost complex structures. In order to obtain moduli spaces with the expected properties, moduli spaces of adapted stable trajectories with different numbers of markings must be glued together. In order for these gluing maps to exist the domain-dependent almost complex structures satisfy certain coherence conditions related to the Behrend-Manin morphisms introduced in Section 2.
Definition 5.1.
(a) (Differentiable maps from the universal cylinder) If Γ has a single vertex, then U Γ is a smooth manifold with corners and it makes sense to talk about class C l maps for some integer l ≥ 0 from U Γ to a target manifold. More generally, if Γ has interior edges then let Γ ′ be the graph obtained by cutting all edges, so that there exists a map U Γ ′ → U Γ obtained by identifying the markings corresponding to the cut edges. By definition a map from U Γ is class C l if its pull-back to U Γ ′ is class C l . (b) (Domain-dependent complex structure) Let Γ be a combinatorial type of stable Floer trajectory, and Γ stab its stabilization. A domain-dependent almost complex structure for Γ compatible with a divisor D is a map
satisfying the following properties: (i) (Constant near sphere nodes or markings) In the neighborhood of any node connecting a sphere component to a sphere component or a sphere component to a cylinder component or a marking z 1 , . . . , z n , J Γ is equal to an almost complex structure J 0 ∈ J (X, D). (ii) (Constant near cylinder nodes or incoming/outgoing markings) In the neighborhood of any node connecting a cylinder component to a cylinder component or a marking z ± , J Γ is equal to a time-dependent almost complex structure
The following three operations on domain-dependent almost complex structures will be referred to in the coherence conditions:
(a) (Cutting edges) Suppose that Γ is a combinatorial type and Γ ′ is obtained by cutting edges. A domain-dependent almost complex structure for Γ ′ gives rise to a domain-dependent almost complex structure for Γ by pushing forward J Γ ′ under the map U Γ ′ → U Γ , which is well-defined by the (Constant near the nodes) axiom. (b) (Collapsing edges) Suppose that Γ ′ is obtained from Γ by collapsing an edge.
Any domain-dependent almost complex structure J Γ ′ for Γ ′ induces an almost complex structure for Γ by pullback under U Γ → U Γ ′ . (c) (Forgetting tails) Suppose that Γ ′ is a combinatorial type of stable cylinder is obtained from Γ by forgetting a marking. In this case there is a map of universal cylinders U Γ → U Γ ′ given by forgetting the marking and stabilizing. Any domain-dependent almost complex structure
We are now ready to define coherent collections of domain-dependent almost complex structures. These are domain-dependent almost complex structures which behave well with each type of operation above. 
The difference between tamed and compatible almost complex structures is not that important for the purposes of this paper, but it is important to take tamed almost complex structures in the setting of Cieliebak-Mohnke [7] in order for some of the invariance arguments. 
Then we require that J Γ is equal to the pullback of
Let J Γ (X, D) denote the space of domain-dependent almost complex structures on X for type Γ and J (X, D) the space of coherent collections of domain-dependent almost complex structures.
For a domain-dependent almost complex structure it makes sense to talk about nodal Floer trajectories as long as the domain is stable, since in this case there is a unique identification of the curve with a fiber of the universal cylinder. One can also allow unstable cylinder components containing just two nodes (the ends of the cylinder) using a given time-dependent almost complex structure.
Definition 5.4. (Floer trajectories for domain-dependent almost complex structures) Let J ∈ J Γ (X) be equal to a fixed almost complex structure equal to J 1 ∈ J t (H, D) near the cylindrical nodes. A J-holomorphic nodal Floer trajectory of type Γ is a nodal curve C of type Γ together with a map u : C → X which satisfies the following properties: With respect to the identification of C with a fiber of U Γ , the map u : C → X is (a) J-holomorphic on spherical components; (b) (J, H)-holomorphic on stable cylindrical components; (c) (J 1 , H)-holomorphic on unstable cylindrical components.
In order to see that domain-dependent almost complex structures exist we recall some facts from Cieliebak-Mohnke [7] . Our generic almost complex structures will be close to fixed almost complex structures in a sense that we now explain. Recall that a comeager subset of a topological space is a countable intersection of open dense sets [34] . A Baire space is a space with the property that any comeager subset is dense. Any complete metric space is a Baire space. In particular, the space of almost complex structures of any class C l or C ∞ is a Baire space, since each admits a (non-linear) complete metric. The following two lemmas construct a codimension two submanifold and an almost complex structure by genericity arguments. Proof. By Donaldson [9] , see also [3] , [7, Theorem 8.1] there exist approximately holomorphic codimension two submanifolds for k ≫ 0. The set of sections defining codimension two submanifolds disjoint from the periodic orbits of H by standard transversality arguments. holds. The condition that each Floer trajectory meets D in a finite set of points holds for a comeager set of J Γ , by arguments similar to those of pseudoholomorphic maps in Cieliebak-Mohnke [7] , hence the (Cylinder axiom). Indeed existence of infinitely many intersection points would imply a tangency to infinite order, and this would imply that the trajectory is contained in the divisor which is impossible since by assumption the periodic time-one orbits are disjoint from the divisor.
We end the section with the definition of our desired moduli space of adapted 
3 the labelling of edges of Γ ′ by contact order of vanishing, normal topological degree and tangencies is induced from that of Γ.
In the case that Γ ′ is obtained by cutting an edge, Γ ′ = Γ 1 ⊔ Γ 2 . In the case that Γ ′ is obtained by cutting an edge corresponding to a node connecting cylinder components then
the map obtained by combining this isomorphism with the Behrend-Manin map and call it concatenation of Floer trajectories. We recall the definition of the morphisms in (Forgetting a tail). Given an integer i ∈ {1, . . . , n}, we obtain an n − 1-marked nodal Floer trajectory by forgetting the i-th marking. The unstable components can be collapsed as follows:
(a) For each component that becomes unstable after forgetting the i-th marking with two nodes, remove the component and identify the remaining two nodes; (b) For each component that becomes unstable after forgetting the i-th marking with one node and a marking, remove the component and make the remaining node a marking.
One obtains a continuous map f i on the union of the strata M Γ (H, D) for which the marking z i is an isolated positive intersection point mapping
where Γ ′ is the combinatorial type corresponding to forgetting the marking z i . For example, suppose that Γ is a combinatorial type with one additional marking, so that n = 1, corresponding to Floer trajectories with a single marking mapping to the stabilizing divisor. Then Γ is equivalent to a combinatorial type Γ ′ with a ghost bubble containing two markings mapping to the divisor. By continuing to add markings on the ghost bubble one obtains infinitely many combinatorial types equivalent to the original type. However, the following theorem shows that only finitely many types occur for each energy bound, up to equivalence.
We have the following version of Gromov compactness: Proof. Because of the existence of local distance functions [30, Section 5.6], it suffices to check sequential compactness. Let u ν : C ν → X be a sequence of stable trajectories with bounded energy and bounded number of markings z ν . We claim that u ν converges, in the Gromov-Floer sense, to a limit u :Ĉ → X. The case of non-adapted stable Floer trajectories with a fixed almost complex structure is wellknown, see for example Ziltener's diploma thesis [42, Theorem 4.1] . More generally suppose that u ν : C ν → X has bounded energy and fixed number n of markings and is (J ν , H)-holomorphic with respect to domain-dependent almost complex structures J ν : C ν → J (X). Suppose that the marked domains C ν are stable and [C ν ] converges to a limiting strip [C] in M n and J ν converges to a limiting domain-dependent almost complex structure J : C → J (X) uniformly in all derivatives away from the nodes. Then u ν : C ν → X has a Gromov-Floer limit u :Ĉ → X, whereĈ is a possibly unstable strip with stabilization C. This is an extension of the results in [42, Theorem 4.1] using the graph construction and, since this is primarily a paper about transversality, we leave the details to the reader.
In our setting we do not have a bound on the number of markings, so we must show that given an energy bound, the number of combinatorial types appearing in M <E (H, D) up to forgetful equivalence is finite. Suppose otherwise, so that there exists a sequence of maps u ν : C ν → X such that the number of components in u −1 ν (D) goes to infinity. Forgetting the markings, Gromov-Floer convergence implies the existence of a limit of the unmarked trajectories on a subsequence to a stable trajectory u : C → X which has a tangency of infinite order to D. Such a trajectory does not occur by the (Sphere axiom) in the definition of stabilizing divisor, which says that the space of trajectories with a given order of vanishing must be regular, hence of expected dimension.
Thus we may assume after passing to a subsequence that the combinatorial type of u ν : C ν → X is constant, and applying Gromov-Floer convergence this time to the sequence of domains with markings, we have that after passing to a subsequence there exists a limiting stable Floer trajectory u : C → X. To show that this limit is an adapted Floer trajectory, note that if u ν (z i,ν ) ∈ D then u(z i ) ∈ D, by convergence on compact subsets of complements of the nodes. Furthermore, any positive isolated intersection point in u −1 (D) is the limit of positive isolated intersection points in u −1 ν (D) and so either a node or the limit z i of some markings z i,ν . This proves the (Marking property). Any sphere bubble meets D in at least three positive isolated points so the (Stable sphere property) holds. Since D contains no non-constant pseudoholomorphic spheres and meets any Floer trajectory in a finite number of points, u −1 (D) is union of point and ghost components, hence the (Finite intersection property). Proof. Because of the existence of local distance functions [30, Section 5.6], it suffices to check sequential compactness. Let u ν : C ν → X be a sequence of stable trajectories with bounded energy and bounded number of markings z ν . We claim that u ν converges, in the Gromov-Floer sense, to a limit u :Ĉ → X. The case of non-adapted stable Floer trajectories with a fixed almost complex structure is wellknown, see for example Ziltener's diploma thesis [42, Theorem 4.1] . More generally suppose that u ν : C ν → X has bounded energy and fixed number n of markings and is (J ν , H)-holomorphic with respect to domain-dependent almost complex structures J ν : C ν → J (X). Suppose that the marked domains C ν are stable and [C ν ] converges to a limiting cylinder [C] in M n and J ν converges to a limiting domaindependent almost complex structure J : C → J (X) uniformly in all derivatives away from the nodes. Then u ν : C ν → X has a Gromov-Floer limit u :Ĉ → X, whereĈ is a possibly unstable cylinder with stabilization C. This is an extension of the results in [42, Theorem 4.1] using the graph construction and, since this is primarily a paper about transversality, we leave the details to the reader.
Thus we may assume after passing to a subsequence that the combinatorial type of u ν : C ν → X is constant, and applying Gromov-Floer convergence this time to the sequence of domains with markings, we have that after passing to a subsequence there exists a limiting stable Floer trajectory u : C → X. To show that this limit is an adapted Floer trajectory, note that if u ν (z i,ν ) ∈ D then u(z i ) ∈ D, by convergence on compact subsets of complements of the nodes. Furthermore, any positive isolated intersection point in u −1 (D) is the limit of positive isolated intersection points in u −1 ν (D) and so either a node or the limit z i of some markings z i,ν . This proves the (Marking property). Any sphere bubble meets D in at least three positive isolated points so the (Stable sphere property) holds. Since D contains no non-constant pseudoholomorphic spheres and meets any Floer trajectory in a finite number of points, u −1 (D) is union of point and ghost components, hence the (Finite intersection property).
Transversality for uncrowded strata
In the previous section we perturbed the almost complex structure to achieve compactness for the moduli space of adapted stable maps. In this section we show that we may make another perturbation to obtain smoothness for strata of the moduli space which do not contain at most one marking on each ghost bubble: For a stable Floer trajectory u : C → X a maximal ghost component is maximal connected nodal subcurve on which u is constant. A combinatorial type Γ is uncrowded if any maximal ghost component contains at most one marking, and crowded otherwise. We say the stratum is trivial if it corresponds to constant (zero-energy) Floer trajectories.
We will achieve transversality for uncrowded combinatorial types by a choice of generic domain-dependent almost complex structure. Because the definition of Floer cohomology uses only the zero and one-dimensional components of the moduli spaces, the crowded types may be ignored for dimension reasons. One also might obtain transversality for crowded types by using zeroth-order perturbations of the Cauchy-Riemann equation as in Ionel-Parker [20] and Gerstenberger [17] ; the restriction to uncrowded types here is simply to make the proof as short as possible. Proof. The transversality arguments are similar to those that appeared in Dragnev [10] in the setting of pseudoholomorphic maps, with some additional complications arising from the special nature of our stratification. Some care has to be taken to avoid the "loss of derivatives" problem, see Remark 6.2 below. The first step is to construct suitable universal moduli spaces. Fix a combinatorial type Γ and nodal cylinder C of type Γ. Let C × := C − {w 0 , . . . , w m } denote the curve obtained by removing the cylindrical nodes and incoming and outgoing markings, considered as a surface with cylindrical ends, and let C × stab denote the union of stable components, that is, discarding cylinder components with no additional nodes or markings. For integers p ≥ 2 and k sufficiently large (for the moment, k > 2/p suffices) we denote by Map k,p (C × , X) the space of maps of Sobolev class W k,p , defined using a covariant derivative on X andĈ of standard form on the cylindrical ends as in Schwarz [36] . Charts for Map k,p (C × , X) are provided by geodesic exponentiation map from the space Ω 0 (C × , u * T X) k,p of sections of class W k,p to Map k,p (C × , X) given by ξ → exp u (ξ). With these charts Map k,p (C × , X) admits the structure of a smooth Banach manifold.
Let Map
k,p Γ (C × , X) be the space of maps u from C × to X of Sobolev class W k,p with type Γ. That is, the homology class of the component C × v corresponding to a vertex v ∈ Vert(Γ) is d(v); for each contact edge e ∈ Edge c (Γ) there are o(e) vanishing derivatives at the marking or node w(e) corresponding to each contact edge and the intersection multiplicity is d(e), and the normal derivative of u at w(e) has rank one iff e ∈ Edge t (Γ), where if w(e) is a node then we mean the normal derivative of the restriction of u to the component adjacent to w(e) on which u is non-constant. In order that these derivatives be well-defined we require k ≥ o(e) + 2/p + 1 for each edge e ∈ Edge c (Γ). The conditions on the homology classes d(v) and intersection multiplicities d(e) are topological, that is, locally constant among maps with a fixed domain. Each of the other conditions defining Map
. We assume q ≥ 1. It follows from the implicit function theorem for Banach manifolds that Map
The universal space incorporates domain-dependent almost complex structures of class C l for l ≫ k ≫ 0. We suppose we have chosen a time-dependent almost complex structure J 1 ∈ J t (X, D) making all Floer trajectories on unmarked cylinders regular (which is a comeager condition by [12] ) and an almost complex structure J 0 ∈ J (X, D), and domain-dependent almost complex structures J Γ ′ on all lower strata satisfying the (Constant near the nodes/markings) axiom. Let J l Γ (X, D) be the space of domain-dependent almost complex structures J Γ : U Γ → J l (X, D) of class C l , (that is, maps U Γ × T X → T X of class C l such that D is an almost complex submanifold and J Γ is domain-independent in a neighborhood of D) equal to the given almost complex structures on the strata U Γ ′ of lower dimension and satisfying the (Constant near the nodes/markings) axiom. Recall from (3) that the universal cylinder admits local trivializations U i Γ → M i Γ × C. Our local universal moduli spaces will be cut out from the spaces
Consider the map given by the local trivializations (4). Let C be a nodal cylinder and u : C × → X a smooth map. By Ω 0 (C × , u * T X) we mean the space of smooth sections of E on each component that match at the nodes, while Ω 0,1 (C × , u * T X) denotes the space of 0, 1-forms smooth on each component with no matching condition. Define a fiber bundle E i k,p,l,Γ over B i k,p,l,Γ whose fiber at m, u, J is
, e ∈ Edge c (Γ)} the space of one-forms on the stable locus of the domain whose order of vanishing in the normal directions to the divisor at points corresponding to contact edges is at least o(e) − 1. In particular, for o(e) = 0 there is no condition on the one-forms η at the contact points w(e), while for o(e) = 1 we require that η vanishes at w(e). Local trivializations of E i k,p,l,Γ of class are provided by geodesic exponentiation from u and parallel transport using the Hermitian connection defined by the almost complex structure, c.f. [30, p. 48] . The derivatives of the transition maps involve derivatives of these parallel transports and hence the derivatives of the almost complex structure. In order for the q-th derivative of the transition map to preserve W k−1,p one needs J Γ to be of class C l for q < l − k, and so the transition maps are of class C q only for q also satisfying q < l − k, which we now assume. The Cauchy-Riemann operator defines a C q section (7) ∂ :
The section ∂ has Fredholm linearization, but results of Lockhart-McOwen [26] on elliptic operators on cylindrical end manifolds. For p = 2, this is fairly standard; the extension to W k,p uses results of Maz'ja-Plamenevskii [27] ; see also Schwarz [36] . The local universal moduli space is the subset of the zero set
k,p,l,Γ is considered the zero section of E i k,p,l,Γ defined by requiring that the limits on either sides of the nodes w ± i match in I(H), that is, satisfying matching conditions at the nodes connecting cylinder components, and Aut(C) = R m is a product of factors of R corresponding to the translations on the unstable cylinder components.
We claim that M univ,i Γ (H, D) is a Banach manifold of class C q , and the forgetful morphism
The proof of the first claim is by the implicit function theorem for C q Banach manifolds. We show that if Γ is uncrowded then the linearization of the Cauchy-Riemann section (7) is surjective. In the case that the map has zero energy, the assumption that the stabilizing divisor is disjoint from the periodic orbits implies that the domain contains no additional markings and so the component is unstable and there is nothing to show. More generally suppose that some component of the map has positive energy. First one shows that any element η in the cokernel vanishes near any point at which the derivative of the map is non-constant, by an argument similar to that in McDuff-Salamon [30, Proposition 3.2.1]: The linearization with respect to J is J ′ → J ′ • du which is surjective at any point z ∈ C where du(z) = 0. It follows that η must vanish in a neighborhood of z, and unique continuation implies that η vanishes identically on the connected component containing z. Surjectivity for the linearized operator for constant pseudoholomorphic spheres implies that η vanishes also on the ghost components, hence vanishes everywhere.
To incorporate constraints at the intersection points as in Cieliebak-Mohnke [7] and Ionel-Parker [20] , one has to check that even after imposing the vanishing of some number of derivatives at the points of tangency, the linearized operator is still surjective. In this case, one no longer knows that an element of the cokernel satisfies the adjoint equation at the intersection points, and an additional argument [7, Lemma 6.6 ] is necessary to show vanishing there. The new complication in our setting in comparison with Cieliebak-Mohnke [7] and Ionel-Parker [20] is that our stratification takes into account not only the number of vanishing derivatives, but also the real rank of the first normal derivative. Suppose that η ∈ Ω 0,1 (C × , u * T X) is in the cokernel of the linearization D∂ of (7) at a triple (m, u, J). First note that the result of Cieliebak-Mohnke [7, Lemma 6.5] holds for Floer trajectories as well as pseudoholomorphic maps, since only unique continuation for the linearized operator was used. In case the domain C is smooth, by [7, Lemma 6.5] , there exists (0, ξ 0 , ζ 0 ) with D∂(0, ξ 0 , ζ 0 ) pairing non-trivially with η, with ξ 0 satisfying all the desired conditions except that it is not necessarily tangent to the stratum of maps with rank one derivatives at the tangency nodes, and so does not necessarily lie in the tangent space to Map k,p Γ (C × , X). More generally, the same result holds for nodal domains as long as the uncrowded condition holds, because on the maximal ghost components the linearized operator vanishes on elements (0, 0, ζ), where ζ is an infinitesimal variation of the almost complex structure, and so the linearized operator is surjective iff there is at most one marked point on such a component, see [7, Corollary 6.11] .
We suppose for simplicity that there is a single contact edge e ∈ Edge t (Γ) which is also a tangency edge. Let w(e) ∈ C denote the corresponding node or marking. The condition that ξ 0 is tangent to the space of maps with rank one normal derivatives is
) where exp denotes geodesic exponentiation. We wish to correct the solution (0, ξ 0 , ζ 0 ) provided by [7] so that it lies in the tangent space to the stratum B i k,p,l,Γ . Since the first normal derivative is rank one we may suppose that v 1 , v 2 ∈ T w(e) C are independent vectors such that ∂ v 1 u does not lie in T D and ∂ v 2 u lies in T D. Let ∇ be a covariant derivative on T X preserving T D near w(e) (or, in the following, work in local coordinates near u(w(e)) in which D is a hypersurface). We claim that there exists (0, ξ 1 , ζ 1 ) ∈ T m,u,J B i k,p,l,Γ such that
Given the claim choose ξ = ξ 0 − cξ 1 and ζ = ζ 0 − cζ 1 for some constant c so that ∇ v 2 ξ(w(e)) ∈ T D +Im Du(w(e)); then ξ is tangent to Map k,p Γ (C × , X) and the image of (0, ξ, ζ) has non-trivial pairing with η.
The existence of the correction (0, ξ 1 , ζ 1 ) follows from existence of local solutions to elliptic differential equations. One can solve the equation at the given point w(e),
where D u,H is the linearization of ∂ with respect to u, by taking ξ 2 to be a suitable linear function in local coordinates. Existence of local solutions to elliptic differential equations at the point w(e) implies the existence of ξ 1 ∈ ker D u,H on a neighborhood U of w(e) with the same first derivative as ξ 2 at w(e) by Hörmander [19 To extend the solution from the neighborhood to the curve, we multiply by a cutoff function and extend by zero. This yields a global section ξ ′ 1 solving (8) in a neighborhood of w(e). Using again Cieliebak-Mohnke [7, Lemma 6.5] , this solution can be corrected to obtain a global solution, without changing the derivative at w(e). Indeed, if D u,H ξ ′ 1 = η 1 is supported in the complement of w(e), then [7, Lemma 6.5] shows that there exists a solution to D∂(0, ξ ′′ 1 , ζ 1 ) = −η 1 with the first o(e) derivatives vanishing at w(e). Then ξ 1 := ξ ′ 1 +ξ ′′ 1 and ζ 1 give a solution to (8) . A similar discussion shows that the linearized operator is surjective in the case of a nongeneric tangency. Namely, one shows that there is an infinitesimal deformation of u which makes the second derivative non-zero at the node or marking corresponding to a non-generic tangency edge.
Since the linearized map is surjective, the implicit function theorem for Banach manifolds of class C q implies that the each local universal moduli space M 
We now glue the local moduli spaces to obtain our desired moduli space of stable Floer trajectories of fixed type. Fix J ∈ J The existence of systems of orientations compatible with the Behrend-Manin morphisms is a special case of the construction of orientations for Lagrangian Floer theory, which by now is fairly well-known, see for example Wehrheim-Woodward [40] . For each element x ∈ I(H) one chooses an end datum consisting of an operator on the open disk, considered as surface with cylindrical end, asymptotic to operator D x,H := D u,H for the solution u = x on the end. Given some other trajectory u, a degeneration argument identifies the determinant line det(D u,H ) with the tensor product of determinant lines det(D x − ,H ) −1 ⊗ det(D x + ,H ) for the ends x ± of u, up to the determinant line of a Cauchy-Riemann operator on a sphere which is canonically oriented by the almost complex structure. Therefore a choice of orientations for det(D x,H ), x ∈ I(H) induces orientations on the moduli spaces of Floer trajectories; one then checks that this system of orientations is compatible with collapsing edges etc. Since our focus is on transversality issues, we will say nothing further about orientations.
Remark 6.2. (Loss of derivatives issues) Because there has been so much controversy about transversality issues in symplectic topology, we comment on one aspect of the constructions in [7] and [20] which might be confusing. The above constructions do not immediately give a universal moduli space over all of M Γ of class C q , the reason being that the transition maps for the universal cylinder do not induce differentiable maps of Sobolev spaces because of the loss of derivatives: the derivative of the transition map from
. It seems likely that using elliptic regularity as in Dragnev [10] one can show that i M univ,i k,p,l,Γ (H, D) is a C q Banach submanifold by showing that the transition maps are differentiable after restricting to holomorphic maps, by an inductive argument showing elliptic regularity for each derivative. The more straightforward approach taken here is to apply Sard-Smale in each local trivialization, and then show that the moduli space with fixed almost complex structure is C q . For similar reasons, there are issues representing the deformations of complex structure on the domains as variations of the nodal points on curves with fixed complex structures: if one does so, then the requirement that the maps on either side of the node agree is not differentiable and so the resulting space is not a differentiable Banach manifold. In this respect, [7, Proposition 5.7] is incorrect, but the treatment in Gerstenberger [17] avoids this problem. We thank Chris Wendl for helpful discussions about this point.
By examining the implicit function theorem obtained in the proof one obtains the following description of the normal bundles to the strata. The normal deformation space for a map u : C → X of type Γ (space of gluing parameters) is
Jet o(e) (T w(e) C, T u(w(e)) X/T u(w(e)) D)
where Jet o(e) (T w(e) C, T u(w(e)) X/T u(w(e)) D) is the space of jets of order o(e) of maps from T w(e) C to the normal fiber T u(w(e)) X/T u(w(e)) D, c.f. [7, Section 6] . We remind the reader that in case w(e), e ∈ Edge t (Γ) is a node then by T ∨ w(e) C we mean the cotangent space on the component on which u is non-constant, and by the jet space we mean the space of equivalence classes of pointed maps where two maps are equivalent if they are tangent to order o(e) + 1 at the origin.
Suppose that Γ is a connected type with n markings. The normal bundle of M Γ (H, D) in M n (H, D) has fiber at u : C → X given by the normal deformation space G Γ (u). Indeed,
• the first two factors are the normal deformation space of the cylinder G Γ (C);
• the third factor arises since the tangency condition is the condition that the determinant det(D ν u(w(e))) ∈ Λ 2 T ∨ w(e) C ⊗ Λ 2 (T u(w(e)) X/T u(w(e)) D) vanishes for each tangency edge.
• the fourth factor arises since the non-generic tangency condition is that the map ker
• the condition that the first o(e) derivatives vanish is the condition that the o(e)-th jet of the map u vanish in the normal direction to the divisor D.
We can read off from this description the codimension one boundary strata of the moduli space. The formal codimension of a stratum M Γ (H, D) at a map u : C → X is the dimension of the normal deformation space dim G Γ (u). A boundary stratum is a stratum M Γ (H, D) of formal codimension one. (a) The first possibility is that Γ is a tree with a single edge corresponding to a node connecting two cylinder components and the normal deformation space is
We call such a M Γ (H, D) a true boundary stratum. We denote by T the set of equivalence classes of combinatorial types of true boundary strata, each represented by a unique type with two vertices, one semi-infinite edge and some number of semi-infinite edges corresponding to positive intersection points. (b) The second possibility is that Γ has a single generic tangency edge, either corresponding to a marking or a node so that C consists of the equivalence class of a Floer trajectory with a marking which maps to the stabilizing divisor and the derivative at the marking is non-zero but rank one. In this case,
We call such a M Γ (H, D) a fake boundary stratum, since it is not a boundary in the sense that the space is not locally homeomorphic manifold with boundary near such a stratum. In Figure 6 , a type corresponding to a fake boundary stratum with a single tangency edge is shown with the tangency edge labelled by t. In Figure 6 the type on the right is equivalent to a type corresponding to a ghost bubble with two markings attached to the intersection point of multiplicity zero; this is the limit of a type in which an intersection point with multiplicity −1 is marked and collides with a marking at an intersection point with multiplicity +1.
A fake boundary type − +
A true boundary type 
Rational fundamental classes
Although the one-dimensional part of the perturbed moduli space is not a manifold (it is a cell complex) it has a natural rational fundamental class, that is a homology class of top dimension generating the local homology groups at any point in the interior of a one-cell. In this section we use these classes to construct the Floer coboundary operator. We fix a coherent family of domain-dependent almost complex structures J = (J Γ ) Γ in the intersection of the comeager sets J stab (X, D) (so compactness holds) and J reg (X, D) (so transversality holds). We wish to show that the boundary of the closed intervals in the previous paragraph may be taken to be the union over boundary types M Γ (H, D) 1 . Let Γ be a combinatorial type appearing in M(H, D) 1 . After applying the forgetful morphism, we may assume that all markings map to intersection points with multiplicity one. The strata M Γ ′ (H, D) in the boundary of M Γ (H, D) correspond to configurations where either sphere bubbles, tangency points, or broken Floer trajectories have developed. We claim that M Γ ′ (H, D) does not have configurations with crowded ghost components. Suppose otherwise. Via the forgetful equivalence there exists a combinatorial type Γ ′′ with no crowded components such that Γ ′′ is equivalent to Γ ′ . Now M Γ ′′ (H, D) is smooth of expected dimension, and a dimension count shows that Γ ′′ contains no sphere bubbles. All markings therefore map to isolated intersection points with the stabilizing divisor. Thus the elements of M Γ ′ (H, D) have ghost bubbles which are collapsed by the forgetful morphism to M Γ ′′ (H, D). A dimension count shows that the order of vanishing at the intersection points must be 0 and the intersection multiplicities at the contact edges must be among −1, 0, 1. The multiplicities +1, −1 are impossible since any perturbation of such a map still has a single intersection point and we are assuming that several markings collide in the limit. So the only possibility is that Γ ′ contains a ghost bubble containing several markings which is collapsed to an intersection point with vanishing multiplicity and a tangency to the divisor. This is also impossible, since after perturbation there is a single intersection point with multiplicity 1. Thus Γ ′ is a boundary type, corresponding to either a tangency or breaking of Floer trajectories. where σ is as in the previous item.
The rational fundamental class for the one-dimensional component is an element of relative homology and we wish to investigate its boundary. Recall that the long exact sequence for relative homology includes a boundary map where T is the set of equivalence classes of types of true boundary components. We can now prove the theorem from the introduction:
Proof of Theorem 1.1. Since the zero-dimensional component of the moduli space is a finite set of points for each energy bound by the first part of Proposition 7.1, the sum in (11) is well-defined. The boundary of the fundamental class on the one-dimensional component of the moduli space is a sum of points whose sum of coefficients is zero, since two points with opposite coefficients occur for each one-cell. The contributions corresponding to fake boundary types cancel by Theorem 7.3. It follows that the sum of coefficients of the true boundary types also vanishes:
where T is the set of equivalence classes of combinatorial types of true boundary components, corresponding to breaking of Floer trajectories. 
